Use of an analog computer for determination of mechanical properties of the arterial bed is described. This approach involves mathematical operations on a recorded central pulse to produce a computed peripheral pulse and computer parameters varied until matching is accomplished. Values for arterial elasticity, etc. are calculated from the computer settings.
puters permit easy variation of parameters and it is a simpler task to separate variables than it is with direct analogs.
The equations with which we have chosen to work are those of a simple harmonic oscillator; this involves a linear second order differential equation of the type most admirably suited to analog computer analysis. Such a system provides attenuation of harmonics and phase shifts which approximate those of the arterial system, so that if the system is forced with a waveform duplicating that of an aortic pressure pulse, the output of the system duplicates the waveform of a peripheral pulse. If system parameters are adjusted until matching of peripheral pulse and computer output is perfect, the computer system is then a true analog of the arterial bed. METHODS The general arrangement with which we have worked is detailed in figure 1 . It is important to. note that two recorded pulse curves are used, a central pulse which is converted into a forcing voltage pulse at (A) and a peripheral pulse which is compared with the computer output at (£>). These pulses are actually recorded in the living animal. The device labeled (A) in figure 1 is a photoformer, which converts the central pulse record into a voltage pulse which is repetitive at the frequency of the heart beat. This voltage pulse is fed into the computer (B) on which has been set the equation selected for this work. The output of the computer is observed on an oscilloscope (/)), over the face of which has been placed a transparency with a line representing the peripheral pulse.
.In an actual analysis, the rate of pulse repetition is adjusted to the determined heart rate by adjusting the time base generator (E). The coefficient potentiometers (C) arc then adjusted until the computed peripheral pulse matches the recorded peripheral pulse. The potentiometer settings are then determined and final calculations are made.
The Equation.
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The forces (F a and F v ) can be equated to pressure drops so that the total pressure drop becomes
In operational terms:
If we neglect longitudinal stretch and assume little lateral flow, we can use the LaPlace relation to approach the elastic force. this work, we utilize the approximation scheme shown in figure 2. This is considered an elastic tube of length (/) and radius {R) filled with a fluid of density (p), which is incompressible. The pressure in the tube consists of a constant level (K) plus an oscillatory component. The oscillatory component is labeled (P,) at the upstream end of the tube and (Po) at the downstream end. We will use the term (A") to denote distance along the tube.
The pressure drop along the tube is that used to overcome inertia! and viscous forces. In accordance with Newton's second law:
where F a is the inertial force and in is mass. Thus, and since dV dx
The viscous force (F v ) may be approximated by referring to Poiseuille's equation:
Assuming no change in thickness of the wall (7) and a Hookean modulus of the wall material («). (P B ) is the pressure required to overcome elastic recoil, (V -F o ) is the change in volume due to fluid influx, and (£) is a lumped factor involving wall elasticity. (£) may be termed a "bulk elastic constant," and is the pressure change per unit of change of volume. Dimensionally, this amounts to d/cm. 2 /cm. 3 , or d em." 6 (£) is not to be confused with the elastic modulus of the wall material («), or with the bulk modulus of elasticity {E'), which we will introduce later. Combining this force with the inertial and viscous forces,
Unfortunately, we see that (V -V o ) is used to expand the tube and its rate of change cannot therefore be equated to (K) in the second term. However, we can use the principle of continuity. (V) in the second term is the sum of (K t ), used for lateral expansion, and (P F ) used for forward flow.
It is also true that (Po + K) is the pressure used to drive fluid beyond the (Po) point and through the tube terminus. If this termination has a mechanical impedance (Z) Therefore and so that Now since (R) is the viscous resistance of the largo arteries, (Z) is much larger than (R) so that ({R/Z) + 1 )^1 . Thus,
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This is the equation we use. Actually, the equation can be further simplified by considering the term (KR/Z). Numerically, K is usually about twice Po-In an "average" individual, with r = 1 cm., q = J34 poise, 1 = 75 cm, R is about 0.7 cm./em.2/cni-.'/sec. Z, calculated from the relation Z = K/Q where Q is the flow through the artery, is about 34 cm./cm.Vcm.Vsec. Thus, R/Z is' .02, and KR/Z is only about 2 mm. Hg. Since this is only 5 per cent of the output pressure (Po), it can' reasonably be ignored.
Computer Setup. The computer used for solving the equation is a Donner model 3000, with 10 operational amplifiers. Neither multipliers nor function generators arc needed for the solution of this equation, although the photoformer pulse converter can be considered as a function generator.
The problem board set up is shown in figure 3. It will be noted that several of the operational amplifiers have been used as inverters for convenience in readout, etc.
Without going into details of time and magnitude scaling procedure, we can rewrite the actual computer equation as: Thus, from values of resistances and potentiometer settings, it is possible to calculate [il//£] and [K/£ + M/Z]. By utilizing anatomic and physiologic information, one can use these quantities to obtain values for individual properties of the arterial system. Details of such calculation will be described later.
Auxiliary Components. In early experiments it was found that this procedure requires that the sweep voltage used to drive the photoformer and the x-axis of the readout scope be reasonably linear; a simple external capacitor on an oscilloscope sweep was not linear enough. Therefore, we designed and constructed a low frequency time base generator {E, fig. 1 ). This generator utilizes a Philbrick operational amplifier as an integrator of a constant voltage, with return to base through a neon discharge tube. The voltage generated is linear with time within 1 per cent, and the frequency is calibrated in cycles per second (range 0 to 12).
We have found that a simple photoformer arrangement suffices quite well for the central pulse reproduction. A mask of the pulse is made and placed in a vertical position on the face of the cathode ray tube. The x-axis is set at maximum internal sweep frequency and the y-axis is driven from the low frequency time base generator. Thus, the cathode ray tube light spot is visible above the mask for a period of time (during each sweep of the x-axis) determined by the width of the mask at the point where the sweep occurs.
This arrangement results in a series of light pulses of constant frequency and amplitude, but of variable duration. The light is picked up by a multiplying phototube, so that voltage pulses equivalent to the light pulses are generated. A simple RC integrator converts the pulse series into a smooth voltage pulse equivalent to the recorded central arterial pulse, repeated at a frequency equal to the heart rate.
Readout Procedure. When the voltage pulse is being generated and fed into the computer, the procedure for analysis becomes simple. A transparency of the recorded peripheral pulse is fastened to the face of the readout scope. The coefficient potentiometers are then adjusted until the computed pulse curve follows the recorded curve as nearly as possible. The coefficient potentiometer values arc then determined by a comparator bridge. These values are used to compute final values. In our experience, 5 to 10 min. are required for the adjustment and reading procedure, depending on the experience of the observer.
Calculations. When the computer is adjusted to give best match of computed and recorded peripheral pulses, the mathematical behavior of the computer is identical with that of the segment of arterial system between the points of recording. One then uses standard technics (described in computer handbooks) for obtaining values for settings of the coefficient potentiometers. These are A3, Aw, and As, and he already knows the value of Rt, Ci, Ri, Ci, R\s, RIF, RTF, R12, RT Now it must be recalled that £ is a "constant" expressing AP/AF, where AP is a change in pressure, in d cm.~2, and AV is a change in volume in cm. 3 To be of real significance, this information should be in the form of a "modulus," which is expressed as (AP/AV) /V Such a value would have meaning in terms of the entire arterial system.
To approach the conversion from "constant" to "modulus," we compare expressions for these values, as follows:
Here (E') is an actual modulus, with dimensions d cm." 1 Since the two expressions are equal to the same thing (P o ), they are equal to each other. Data Used. Obviously, this procedure requires records taken from a central and a peripheral artery simultaneously, with sufficiently high fidelity that no major components of the pulse waves are lost. We believe that to achieve this, the pressure recording systems (including catheters and/or needles) should have frequency response curves which arc flat to 30 to 40 cps.
Dr. Earl Wood's laboratory at Mayo Clinic has been making such records, and has very generously made the records available to us. For this study, we usnd data from 14 subjects, including 10 normal, 1 hypertensive, 1 aortic stenosis with hypotension, 1 coarotation of the aorta, and 1 normal after a valsalva maneuver. Unfortunately, we were not able to obtain information on patient age, size, etc.
R E S U L T S
1'igure 4 is a tracing showing the degree of success attained in matching the recorded peripheral pulse and the computed pulse. This particular case represents a moderately good match. It was possible to make the adjustments to match accurately either the major slopes of the pulse or the major dips of the pulse; rarely was it possible to match both accurately. Table 1 gives the values obtained for all the subjects studied. The values shown are averages of 2 to 5 determinations made on each subject.
It is important to note that the A" of column 7 of table 1 is a bulk elastic modulus, and not the modulus of elasticity of the arterial wall material. Within the normal group of. subjects, the average value for E' is 1.95 X IO 6 d cm.-2 , with a range of 1.40 to 2.71 X IO 6 d cm.-2 Values for the pathologic conditions and the valsalva maneuver fall outside this range. Subject no. 2, an hypotensive with aortic stenosis, showed the greatest deviation from normal. It is interesting to note that subject 14. is subject 16 after a valsalva maneuver. This maneuver altered his E' value from 2.31 to 3.17 X 10 6 rfcm.-:
In addition to the measurements summarized in table 1, a series of determinations was made on the pulses from patient A. This time, 5 determinations were made by 5 different observers, so that the results provide an indication of variability to be expected from this source. Values obtained were: The greatest significance here lies in the variability of the third column (±21 per cent, average 1.01). It is noteworthy that the 5 observers involved in this series were not instructed as to which features of the pulse curves to match most carefully. DISCUSSIOX We believe that these experiments have demonstrated the validity of the analog computer approach to arterial bed property analy-sis. In view of the facts that we have assumed a simple lumped system, we have "matched" computed and recorded curves by eye alone, we have worked with data from subjects on whom we had a minimum of information, and in our last analysis, we have assumed values for anatomic constants, it is rather remarkable that we have obtained acceptable results. We feel that this bears out our contention that corrections for complexity of the system make only minor changes in behavioural patterns.
There may be several equations which can be said to "describe" the behavior of a system. These equations may differ in the general approach used, or they may differ only in the number of perturbations they introduce to modify the basic concept. In the latter case, the variations are those of sophistication only; one decides whether an equation can be used on the basis of whether the corrections ignored by the equation would produce quantitative alterations of a magnitude significant to the phenomena in which he is interested.
When the differences are of general approach, the various equations may describe either different facets of behavior of the system, or they may be based on different basic tools of description. For example, a mechanical system in which force waves are propagated might be described in terms of the response to transient pressure pulses, the mechanical impedance of the entire system, the motion of the parts of the system, and so on. No one of these equations describes every facet of behavior of the system. Each of the equations is "valid" for the particular phenomenon for which it was intended.
The particular equation developed and used in this work is a force equation, intended to describe the partition of forces between inertial, frictional, and elastic components of the system. It does not describe the space distribution of forces or fluid volumes. The authors are fully aware that the equation describes the behavior of the system only when the system components are considered as lumped and linear. Real systems are never so neatly arranged.
Nevertheless, the equation is capable of synthesis of a peripheral pulse from a central pulse, and the shape of the computed pulse is quite like that of the recorded pulse. This in itself is evidence that the equation does indeed describe a behavior facet of the system with reasonable accuracy. Furthermore, the discrepancies between recorded and computed pulses represent only very small portions of the total energy involved. This equation presents some advantages over other equations which might be written with greater sophistication: it is immediately available, whereas other equations would require considerable research to put them in as useful a form as this; it involves ordinary, second order differential terms, which can be computed with ease on the analog computer; the values obtained are such that one can calculate from them values for specific physiologically significant functions, namely the arterial elasticity and the poiseuillean resistance of a segment of the arterial system. Therefore, we contend that the use of this procedure and of the equations utilized in it are justified on the basis of immediate usefulness, and that the approximations involved are acceptable.
It should be strongly emphasized that the values for £ and R which this procedure provides are descriptive of only that part of the arterial system which lies between the points of recording. Thus, the ?, given in mm. Hg/cm. 3 , describes only the volume modulus of the arteries connecting the aorta and the radial artery, if these are the recording sites. A different value would be obtained for the aorta-femoral system, and for any other usable system. This does not obviate the usefulness of the data.
Indeed, the fact that one can proceed easily from the relative elastic constant (£) to the real bulk modulus (E 1 ) removes any point of criticism from this phase of the development.
Sophistication of the equation we use is, of course, in order. For example, the lumped nature of the described system does not include consideration of delay of the peripheral pulse with respect to the recorded central pulse. It is to be expected that if such delay (pulse transmission time) were taken into account, our matching would be more nearly perfect.
If subsequent work establishes the range of normal values to be ±20 per cent of the average value, as this brief series of measurements would indicate, there is every likelihood that the mean value for groups with arterial pathology will fall well outside this range. Therefore, the approach used here may well become a useful diagnostic procedure. It is interesting to speculate that the computer application as worked out here might be extended to other systems. Presumably the method could be applied to determination of parameters of any system whose input and output functions can be recorded.
To obtain a value for the elastic modulus of arterial wall material (a Young's modulus), we again turn to some basic relations: Thus, to proceed from our bulk modulus (A") to a Young's modulus (e) we need information only on the ratio of arterial thickness to arterial radius. For the arteries involved in our studies, r/y is about 5.0, so that t = 2 x 5 X / ? ' = !0X 1.95 X 10 6 = 1.95 X 10'd/em. 2 This value agrees very well with those obtained by Landowne 2 and by Lawton 5 under dynamic conditions. It is somewhat higher than that obtained by Krafka, 3 but could be expected to be so since Krafka's value (4 X 10°r //cm. 2 ) was obtained under static conditions. A relatively high value for our modulus is quite in order since it is a dynamic modulus and is measured with the smooth muscle innervation intact.
It should be noted that the only assumptions of anatomic dimensions required for this entire procedure are those of length of artery lying between the points of recording, and the ratio of radius to thickness. The final value is not highly sensitive to either of these quantities.
Should further use of this approach make such values easily available, one would be able to correlate changes of elasticity with age, pathology, etc. This has been the major goal for many decades of researchers working with pulse wave velocity measurements.
Lastly, it is manifest that once constants are well established for the arterial system and the mathematical description of system behavior is known to be reasonably accurate, a number of research possibilities are revealed. Computer parameters are easily changed, so that extensive studies of arterial behavior can be made in a short time.
SUMMAHY
In this study it has been demonstrated that a simple mathematical description of a simplified hydraulic system with lumped parameters can be used for a reasonably good description of the behavior of the arterial system. This relative success is promising, for it gives hope that with some refinement of theory and procedure, a practical diagnostic method can result.
The general approach used herein can no doubt be applied to any system whose input and output time variations are known, and whose general nature is known to a reasonable accuracy. This procedure makes possible the determination of individual properties, even where such properties are not easily measured.
The use of the analog computer (generalized) rather than an analog system of a mechanical or electrical form, makes possible the applica-tion of the procedure to any physiologic system, including thermal, electrical, and chemical as well as mechanical.
SUMMARIO IX IXTERLINCUA Le presente studio demon.stra que un simple description mathcmatic dc un simplificate systema hydraulic (con variables combinate) pote essor usate pro effectuar un satis exacte description del comportamento del systema arterial. Iste successo relative es promittente, proque illo justifica le spero que un certe raffinamcnto theoric e technic va resultar in le disveloppamento de un methodo diagnostic practic.
Le principios methodologic hie utilisatc es applicabilc sin dubita a non importa qual systema pro que le variationes de tempore in alimentation e rendimento es cognoscite e de que le natura general es cognoscite a grados satisfactori de accuratia. Iste processo permitte le determination de proprietates individual, mesmo in casos in que tal proprietates non es facile a mesuran Le uso de un computator a analogos (generalisate) plus tosto que un systema a analogos de forma mechanic o electric rende possibile le application del methodo a non importa qual systema physiologic, i.e. a un systema thermic o electric o chimic si ben como a un systema mechanic.
